Abstract. We prove a stability result for volume forms on fiber bundles with compact base and noncompact fibers. This generalizes the classical results of Moser and Greene-Shiohama, and recent work by the authors.
Introduction
Moser proved that two volume forms on a compact manifold with equal total integral are diffeomorphic [4] . This was extended to noncompact manifolds by Greene and Shiohama [3] , and in [5] to smooth families. The main result in [5] says that if B is a compact manifold, and M is an oriented manifold on which one has two smooth families of volume forms {ω p } p∈B and {τ p } p∈B such that for each p ∈ B,
then there is a smooth family of diffeomorphisms {ϕ p : M → M } p∈B with ϕ * p ω p = τ p for each p provided the following holds: for any connected component C of an end of M , either C has infinite volume with respect to both {ω p } p∈B and {τ p } p∈B , or p → C ω p and p → C τ p are continuous and their difference is smooth. Our goal is to prove a natural generalization of this result (Theorem 1.2) for fiber bundles π : M → B with noncompact fiber F for which M is exhausted by some function f : M → R compatible with the fiber bundle; we will call these exhausted bundles.
While the paper generalizes [5] , it is self-contained. Next we are going to introduce the key notions of the paper. Our main theorem is stated in terms of these notions at the end of the section.
1.1. Exhausted and filled (sub)bundles. Throughout this paper manifolds are (C ∞ ) smooth without boundary unless otherwise stated. Let F, M, B be smooth manifolds, where M, B may have boundaries and B is connected. Let π : M → B be a smooth surjective map. Suppose that for every p ∈ B there exists an open neighborhood U of p in B and a diffeomorphism φ : π −1 (U ) → U × F such that π = φ • pr 1 , where pr 1 is the projection onto the first factor of the product. As usual, (π, M, B, F ) is called a fiber bundle, with underlying space M , base B, and fiber F . We call U a trivializing region of π and (U, φ) a trivialized chart. Definition 1.1. Let (π, M, B, F ) be a fiber bundle. Let {(U i , φ i )} i∈I be a local trivialization, f : M → R a smooth function, and {h i : F → R} i∈I a family of smooth functions such that f • φ −1 i = h i • pr 2 , where pr 2 is the projection onto the second factor of the product. We call M def = (π, M, B, F, f ) is a filled bundle. If f and all the h i , i ∈ I, are exhaustion functions, we call M an exhausted bundle.
We call {(U i , φ i )} i∈I compatible with f . We write sp(M) def = M . Definition 1.2. Let M = (π, M, B, F, f ) be a filled bundle, A a submanifold of M with or without boundary, and {(U i , φ i )} i∈I a local trivialization compatible with f . We call A a filled subspace of M with respect to the trivialization if for any i ∈ I there is P i ⊂ F with φ i (A ∩ π −1 (U i )) = U i × P i . If U i ∩ U j = ∅ then there is a diffeomorphism of F induced by a change of charts φ j • φ −1 i sending P i to P j . Since B is connected, the P i , i ∈ I, are diffeomorphic; let P be one of them. Then A def = (π| A , A, B, P, f | A ) is a filled bundle, which we call a filled subbundle of M. We write M| A def = A.
Here are some examples of filled and exhausted bundles:
(1) Let (π, N, B, E) be a compact fiber bundle and let F be a noncompact manifold with a smooth function h :
is a filled bundle which is exhausted if and only if h is an exhaustion function. (2) Let F = {(x, y, z) ∈ R 3 | x 2 + y 2 = 1, y 2 + z 2 > 1 4 }, then F is a noncompact 2-manifold with 4 ends. Let φ ∈ Diff(F ) be the diffeomorphism given by φ(x, y, z) = (x, −y, −z), switching two ends z → +∞ and z → −∞. Let h :
Let π : M → B be the map induced by pr 1 : (0, 2) × F → (0, 2), and f : M → R be the map induced by h • pr 2 : (0, 2) × F → R. Then M = (π, M, B, F, f ) is an oriented exhausted bundle where M has 3 ends, since φ is orientation preserving. (3) Let G be a subgroup of SO(n). Let E ⊂ R k be a noncompact complete submanifold, which is invariant under G. Let u : R k → R be a smooth function such that u • φ = u for any φ ∈ G. Let
exhaustion function with the property h • φ = h for any φ ∈ G. Let (π, M, B, F ) be any fiber bundle with structure group G such that B is compact. Let f be the unique exhaustion for M such that the transition maps in G is compatible with f , with same h = h i . Then M = (π, M, B, F, f ) is an oriented exhausted bundle with noncompact fiber.
1.2.
Releasing a filled bundle. A diffeomorphism will be constructed in our main theorem to move volumes within each fiber of a filled bundle M. To construct it we chop the bundle into subbundles A, with disconnected fibers. Because of this we cannot transfer volumes between connected components. To resolve the issue we introduce a new filled bundle: Rls A. For any topological spaces X, Y let Conn X be the set of connected components of X and if µ : X → Y is continuous, let Conn µ : Conn X → Conn Y be the map sending C to the connected component of Y containing µ(C).
to p paired with the connected component of π −1 (U ) containing C. Endow B M with the smooth structure for which λ U is a diffeomorphism. Then c M :
is a fiber bundle with connected fiber, say F M , and
is a filled bundle.
Proof. We have a commutative diagram
so c M is a covering, Rls π is smooth and locally trivial, and (
Hence all fibers of Rls π are diffeomorphic.
We call Rls M in Proposition 1.1 the releasing of M.
1.3. Fiber forms. Let M = (π, M, B, F, f ) be a filled bundle with oriented fiber. Let ι p : π −1 (p) → M be the inclusion, p ∈ B. A fiber k-form on M is a family {ω p } p∈B such that ω p is a k-form on π −1 (p) and there exists
A fiber top-form is a fiber (dim F )-form. A fiber volume form is a fiber top-form ω such that ω p is a volume form on π −1 (p). Let Ω k F (M) be the space of fiber k-forms on M. The space of compactly supported fiber k-forms (Ω k F ) c (M) on M is defined analogously. Let Ω F,vol (M) be the space of fiber volume forms on M. exist and are continuous with smooth difference, or are both infinite. We say that ω, τ are commensurable if they are commensurable on the restriction of M to every unbounded connected component
be a connected exhausted bundle with compact base B and oriented noncompact connected fiber F . Then for any commensurable fiber volume forms ω, τ on M with equal fiber integral, there exists a fiber diffeomorphism ϕ :
We conclude with a few remarks:
(1) The following is an interesting problem: give conditions on a fiber bundle so that it admits an exhausted bundle structure. (2) If the fiber bundle in Theorem 1.2 is trivial we recover [5, Theorem 1.1]. If B is a point, this was proved by Greene and Shiohama [3] . (3) The proof strategy of Theorem 1.2 consists of giving the manifold a tree structure, and then constructing in terms of it a global diffeomorphism intertwining the volume forms by glueing. This strategy is analogous to the one adopted in [5] but the results we prove do not follow from [5] . On the other hand this is no surprise since the main theorem for smooth families can be stated with essentially no preliminaries but for fiber bundles a lot more preparation was required (Sections 1.1 and 1.2) to state Theorem 1.2. The reason was explained in Section 1.2 where the key notion of releasing a fiber bundle is given. It is in terms of this notion that we can express the conditions on the integrals over the bundle. The delicate problem has to do with the connectivity of the fibers of fiber bundles not being in general inherited by subbundles (which cannot occur for trivial bundles as considered in [5] ). (4) Understanding the geometry of volume forms is important in classical mechanics, see for instance [2] .
Category of filled bundles and release functor
Next we define the categories of filled bundles and connected filled bundles for an important reason: later we cut filled subbundles of the exhausted bundle M into subsubbundles, and we will distribute volumes of the fibers of subbundles into those of subsubbundles. As discussed in Section 1.2, the nonconnectivity of the fibers forces us to consider the releasing of subbundles and subsubbundles. This causes another problem, that their bases are different manifolds. Thanks to the functoriality of the release operation (Lemma 2.1), the bases of subsubbundles are covering spaces of those of subbundles, which makes the distribution of volumes feasible.
Let FilBund be the category the objects of which are the filled bundles M = (π, M, B, F, f ) ∈ Obj(FilBund) and with morphisms from M to M = (π , M , B , F , f ) given by µ = (µ, µ B ), where µ and µ B are smooth maps such that 
and Rls M = (Rls π , M , B M , F M , f ) be as in Proposition 1.1. We are going to define the functor Rls on morphisms of CFilBund. Let ν : B M → B M be the unique map defined by the commutative diagram (which also clarifies the relationships among ν and the maps defined in Proposition 1.1)
Here U is any open subset of B such that U and U def = µ B (U ) are trivializing regions of π and π , respectively.
2 Define
We have defined Rls on objects by formula (1.1) and on morphisms by formula (2.1). One can verify that Rls assigns the identity map to the identity map and is associative, and therefore Rls is a functor.
We call Rls the release functor (the relation between M and Rls M is shown in Figure 1 ).
We apply Lemma 2.1 to the inclusion of bundles: Proof. For any open U ⊂ B whose closure is contained in a trivializing region of π, U ×Conn π −1 (U ) consists of finitely many copies of U , so it is compact. Since B has a cover by finitely many such U , B M is the union of finitely many 2 To define ν we only need the middle rectangle in the diagram but the diagram provides a useful way to keep in mind all maps involved. Also, note that ν is uniquely defined because λU is a diffeomorphism; it is well defined because the collection of all such U is a base of the topology of B, and the definitions of ν on the preimages of overlapping regions by cM coincide.
If the fiber of A has finitely many connected components, analoguous arguments ensure the compactness of B A .
Since B A is compact, κ(B A ) is compact. But since κ is a local diffeomorphism, κ(B A ) is open in B M , which means κ is surjective, hence a covering map.
If κ : B → B is a covering space with B connected we denote by #κ the number of sheets of κ, that is, the number of κ −1 (p) for any p ∈ B (independent of p).
Ingredients for the proof of the main theorem
In this section we prove most of the intermediate statements needed to prove the main theorem. The results of the section generalize, but do not follow directly from, the results of [5, Sections 2 and 3], so we had to suitably modify the statements and adapt the proofs. The new difficulty is, as it was explained earlier, that the connectivity of the fibers of a bundle is not inherited by subbundles. Proof. Let {(U i , φ i )} i∈I be a local trivialization. By continuity, φ i (A k ∩ π −1 (U i )) = U i × P ik for some P ik , which is the disjoint union of some connected components of h
From Lemma 3.1 we can conclude:
to be the union of C α and the precompact connected components of
is a compact and connected filled subspace of M with respect to any local trivialization.
By Corollary 3.2, we can define
a filled subbundle of M. From Lemma 3.1 we also have: 3 The bundles M [α] and A [α] will depend on the choice of x0. For this reason, we fix the choice of x0 throughout the paper. Corollary 3.3. Let M = (π, M, B, F, f ) be an exhausted bundle and α ∈ R. Let A be a filled subspace of M with respect to {(U i , φ i )} i∈I . Let P ⊂ F be the fiber of the filled subbundle
is a filled subspace of M with respect to {(U i , φ i )} i∈I .
By Corollary 3.2, we can define
a filled subbundle of M.
The following gives the existence of A . Then there is a tree (T , ) of filled subbundles of M such that T = ∈N∪{0} L( ), where for A, C ∈ T , A C if C is a filled subbundle of (not equal to) A. Moreover, (T , ) is a rooted locally finite leafless tree of height ω, and L( ) = Lv( ) for each ∈ N ∪ {0}.
Proof. Let A i ∈ L( i ) ⊂ T where i ∈ N ∪ {0}, for i = 1, 2 and 3. By definition of connected components we have the following: if
The only root of T is M ∈ Lv(0), by induction L( ) is the -th level of T , which is finite, so T is locally finite. For any A ∈ Lv( ) with A = sp(A),
, and hgt(T ) = ω.
3.3. Transferring volumes within fibers. Next we will use the analytic tool, the work of Bueler-Prokhorenkov on Hodge theory [1] , to prove a series of lemmas that allow us to move the volumes within the fibers of an exhausted bundle in various manners. First we explain how to move volumes within the interiors of compact submanifolds of the fibers. Proof. Since B is compact, let {(U i , φ i )} i∈I be a local trivialization of M such that I is finite and U i is compact for any i ∈ I. Now that h i are exhaustion functions for F , let α ∈ Reg(f ), then
is compact. Hence f is an exhaustion function for M and then M is an exhausted bundle. This proves (1). If M is exhausted and B, F are compact, then Proof. Let VM = ker(dπ : TM → TB) be the vertical tangent bundle of M and g be any Riemannian metric on M . Let Y ∈ Γ(VM) be an extension
. Therefore there exists a neighborhood
that is Φ(y, 0) = y for all y ∈ N and ∂Φ ∂s (y, s) = X(Φ(y, s)) for all (y, s) ∈ N × (−ε, ε), for ε > 0 small enough such that the image of Φ is contained in V N . Then we define V N = Φ(N × (−ε, ε)). Since X is vertical and X(f ) = 1 in V N , we have π(Φ(y, s)) = π(y) and f (Φ(y, s)) = f (y) + s for any (y, s) ∈ N × (−ε, ε), and Φ is a diffeomorphism. The two connected components of V N \ N are Φ(N × (−ε, 0)) and Φ(N × (0, ε)). If N is a filled subspace of M then there is α ∈ Reg(f ) such that N is the union of some connected components of f −1 (α), so V N is the union of some connected components of f −1 ((α − ε, α + ε)) and by Lemma 3.1 V N is a filled subspace of M. If N has connected fiber, then since the fiber of V N is the image of the fiber of N under the flow of X restricted on the fiber, it is connected.
For any filled bundle M we define the fiber exterior derivative 
Proof. Let {(U i , φ i )} i∈I be a local trivialization of M with respect to which W is a filled subspace of M, then we can assume φ i (W ∩ π −1 (U i )) = U i × Z for any i ∈ I. By Lemma 3.6, Z is compact. Let {χ i } i∈I be a partition of unity subordinated to the open cover {U i } i∈I of B. We apply Theorem A.1 to Z to get an operator 
Then there is a fiber diffeomorphism ϕ : M → M such that ϕ is the identity in a neighborhood of M \ V and ϕ * ω = τ .
Proof. By Lemma 3.7 applied to each connected component of N = ∂V there exist ε > 0 and V N a neighborhood of N satisfying (i)-(iii). Since B is compact and supp(ω − τ ) ⊂ V , we may reduce ε as needed so that
Since ω t is nowhere vanishing there exists a smooth family of vertical vector fields {X t } t∈[0,1] ⊂ Γ(VM) where each X t is supported in W and such that ω t (X t , ·) = σ. Let ϕ t : M → M be a fiber diffeomorphism generated by X t that is the identity outside of W . Then ϕ = ϕ −1 1 satisfies the required properties. Now we carry out the transferring of volumes. The following three lemmas correspond to [5, Lemmas 4.6-4.8] in the case of smooth families. The statements and the proofs are analogous but more delicate to implement due to the role that the release functor plays.
Lemma 3.10. Let M = (π, M, B, F, f ) be a filled bundle with compact base. Let K be a connected filled subbundle of M whose underlying space K is a compact manifold with or without boundary which has a nonempty interior. Let B K be the base of Rls K, and let
Proof. Let ξ ∈ Ω F,vol (M) be such that supp(ξ − ω) ⊂ K • and r K ξ < w. Let η 0 be a fiber top-form on M such that supp η ⊂ K • and r K η > 0. Define
where Rls(π| K ) be the bundle map of Rls(K). 
It follows from Lemma 3.9 applied to (1 − µ)ω + λτ and ω on V + N and V − N that there exists a fiber diffeomorphism ϕ : W → W such that ϕ = id in V \ Φ(N × (δ − ε, ε − δ)) and ϕ * ω = (1 − µ)ω + λτ . Hence ϕ satisfies the conditions claimed in the statement.
Lemma 3.12. Let M = (π, M, B, F, f ) be a connected exhausted bundle with compact base and oriented noncompact connected fibers. Let {L j } j∈N be a cover of M by compact connected submanifolds with boundary, which have the same dimension as M , and whose interiors are pairwise disjoint.
Proof. By the construction of {L j } j∈N , any three different L j 's for j ∈ N do not intersect. Let
Then C is a collection of pairwise disjoint filled subbundles of M whose underlying spaces are hypersurfaces of M . So for each N ∈ C with underlying space N , let j, k ∈ N be such that N ⊂ L j ∩ L k , by Lemma 3.7, we obtain ε N > 0 and a diffeomorphism Φ N :
. Now apply Lemma 3.11 to Rls V N in order to obtain a fiber diffeomorphism
ω (note that a differmorphism preserving the released bundle map also preserves the original bundle map). Therefore
If necessary, choose ε N small such that the family {V N } N ∈C is mutually disjoint. Since replacing ω by ϕ * N ω each time does not change the released fiber volume of L j for any j ∈ N, we compose these ϕ N for N = sp(N), for N ∈ C, as they are the identity away from disjoint open sets, to obtain a fiber diffeomorphism ϕ : M → M such that ω = ϕ * ω is equal to τ on some neighborhood of N ∈C N and r L j ω = r L j ω = r L j τ for each j ∈ N. Applying Lemma 3.9 to each Rls L j for j ∈ N we get a fiber diffeomorphism
Replacing ω by ψ * j ω each time and composing {ψ j } j∈N we obtain a fiber diffeomorphism ψ : M → M such that τ = ψ * ω . Then ϕ = ϕ • ψ satisfies the required properties.
Proof of the main result
The analogue of the following lemma for the case of smooth families appeared in [5, Lemma 4.1] , the proof strategy is analogous.
For any tree T of height ω, for any X ∈ Lv( ), ∈ N ∪ {0}, let
Then we have
sp(Z).
Lemma 4.1. Let M = (π, M, B, F, f ) be a connected exhausted bundle with compact base and oriented noncompact connected fiber. Let ω, τ ∈ Ω F,vol (M) be commensurable and suppose that they have equal fiber integral. Then there is a tree (T , ) of connected filled subbundles of M and {ω n } n∈N∪{0} , {τ n } n∈N∪{0} ⊂ Ω F,vol (M) such that ω 0 = ω, τ 0 = τ and for any n ∈ N, we have that
as well as that for each A ∈ Lv(2n − 3) with n > 1, C ∈ Lv(2n − 2), E ∈ Lv(2n − 1),
Proof. Our goal is to find α 0 = −∞ and {α } ∈N ⊂ Reg(f ) ∩ f (M ) such that T is constructed by Lemma 3.5, see Figure 2 . Note that, if we know {α } 0 m for some m ∈ N ∪ {0} for the sequence {α } ∈N∪{0} defining T , then we say T is constructed up to the m-th level, so we know Lv( ) of T for any with 0 m. We proceed by induction on n ∈ N ∪ {0} to find α 2n−1 , α 2n and ω n , τ n ∈ Ω F,vol (M) such that r E ω n = r E τ n for any E ∈ Lv(2n − 1) (E ∈ Lv(0) if n = 0). For any X, Y ∈ T with X Y, let ι Y X : Y → X be the embedding and let Rls ι Case (n − 1) for n ∈ N. By induction we assume that for any A ∈ Lv(2n − 3) (A ∈ Lv(0) when n = 1) we have:
Case n for n ∈ N. Take α 2n−1 ∈ Reg(f ) such that C [α 2n−1 ] is a saturated slice of C for each C ∈ Lv(2n − 2) (for the concept of saturated slices and the existence of α 2n−1 , see Lemma 3.4). Then T is constructed up to the (2n − 1)-th level. Let A ∈ Lv(2n − 3) (if n = 1 let A = M and replace Gch(A) by Ch(M), Ξ T A by Θ T M throughout this paragraph). The base of Rls A is B A . Let Gch 0 (A) (resp. Gch 1 (A)) be the subcollection of elements in Gch(A) with finite (resp. infinite) volume. For any E ∈ Gch(A), we define δ E ∈ C ∞ (B E ; R) as follows: if E has finite volume, let δ E = r E ω n−1 − r E τ n−1 ; if E has infinite volume, let
Then combining equations (A.1) and (4.5) we obtain
For every C ∈ Ch(A), let B C be the base of Rls C, and let u C ∈ C ∞ (B C ; R) be such that
by Lemma A.2 applied to the covering map
we may choose v E ∈ C ∞ (B E ; R) (where B E is the base of Rls E) such that v E < r E ω n−1 and E∈Ch(C) (κ E C ) * v E = u C . For any E ∈ Ch(C), if E has infinite volume, take β E ∈ Reg(f ) such that E [β E ] is a saturated slice (for the concept of saturated slices and the existence of α 2n−1 , see Lemma 3.4) . Otherwise, the function (4.6) (·, β) → min
B E × R is continuous in the first variable, is increasing in β, and converges to r E ω n−1 − v E > 0 as β → +∞ pointwise. Note Rls E is not a subbundle of M, so we cannot slice it by β. Since B E is compact there is β E > α 2n−1 such that (4.6) is positive when β = β E . Let α 2n = max E∈Lv(2n−1) β E , then T is constructed up to the 2n-th level. So Θ T E = E [α 2n ] , then we have v E < r Θ T E ω n−1 , and v E − δ E < r Θ T E τ n−1 . Since all the right hand sides of these expressions are positive, by Lemma 3.10, there are ω n , τ n ∈ Ω F,vol (M) such that
and
Now we can apply Lemma 4.1 to M and ω, τ , in which way we obtain the tree T of filled subbundles of M such that (4.1) to (4.4) hold.
For n ∈ N and C ∈ Lv(2n − 2), applying Lemma 3.9 to (Ξ T C) • , there are fiber diffeomorphisms ϕ n , ψ n : M → M such that ϕ * n ω n−1 = ω n , ψ * n τ n−1 = τ n , and ϕ n = ψ n = id outside of (M Since the interiors of sp(Ξ T C), C ∈ T with even depths are mutually disjoint, the pointwise limits in (4.7) will be stable at a finite n, so ω ∞ , τ ∞ ∈ Ω F,vol (M), ϕ ∞ , ψ ∞ : M → M must be fiber diffeomorphisms,
for each A ∈ T with odd depth, ϕ * ∞ ω = ω ∞ , and ψ * ∞ τ = τ ∞ . Let {L j } j∈N be the set of Θ T M and the closures of Ξ T A for A ∈ T with even depths. By Lemma 3.12, there is a fiber diffeomorphism ϕ : M → M such that ϕ * ω ∞ = τ ∞ .
Finally, ϕ = ϕ ∞ • ϕ • ψ −1 ∞ : M → M , which concludes the proof.
We define the pullback κ * and the pushforward κ * of functions as follows Lemma A.2. Let κ : B → B be a covering map with B compact (so B is compact). Let a ∈ C(B; R), u ∈ C ∞ (B; R) such that u < a. Then for any a ∈ C(B ; R) with κ * a = a, there is u ∈ C ∞ (B ; R) such that u < a and κ * u = u.
Proof. Without loss of generality we assume B is connected and u = 0 otherwise we can deal with each connected component of B one by one and replace a by a − u/#κ, u by u − u/#κ. Choose ε > 0 such that #κ · ε < min a. Define h = a − ε, then κ * h = a − #κ · ε > 0. So κ * (h ) + > κ * (h ) − 0. Here (h ) + (p) = min{h (p), 0} and (h ) − (p) = min{−h (p), 0} denote the positive and negative parts of h , respectively. Since h is bounded from below we set c = max κ * (h ) − > 0. Define w = By Whitney Approximation Theorem there is v ∈ C ∞ (B ; R) such that |v − w | < ε/2. Then let u = v − 1 #κ κ * κ * (v ) ∈ C ∞ (B ; R). So |u − w | < ε, and κ * u = 0 by (A.1), hence a − u > h − w 0 is as required.
Finally, in the paper we need the following elementary result:
Lemma A.3 ([5, Lemma 2.1]). Let X be a locally connected locally compact Hausdorff space. Let K(X) be the collection of compact subsets of X. Let K ∈ K(X) and let A, A ⊂ X be connected and precompact. If A, A lies in the same connected component C of X then there is L ∈ K(X) such that they lie in the same connected component of L ∩ C.
Then Lemma 3.4 follows from Lemma A.3.
Proof of Lemma 3.4. Let P be the fiber of A, so A = (π| A , A, B, P, f | A ). Let B A , P A be manifolds such that Rls A = (Rls(π| A ), A, B A , P A , f ). Fix α ∈ Reg(f ) ∩ f (A) and then we consider A [α] . Since the fiber of A [α] is a precompact submanifold of F with boundary, it can only have finitely many components. Let P α denote the fiber of (Rls A)| A [α] , so then P α has
